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Analytic Sensitivities for Shape Optimization in Equivalent
Plate Structural Wing Models

Eli Livne*
University of Washington, Seattle, Washington 98195

Equivalent plate modeling techniques based on Ritz analysis with simple polynomials prove to be efficient
tools for structural modeling of wings in the preliminary design stage. Accuracy problems are encountered,
however, when these models are used to obtain finite difference behavior sensitivities with respect to planform
shape. The accuracy problems are associated with the poor numerical conditioning of static and eigenvalue
equations. As higher-order polynomials are being used to improve the analysis itself, the more sensitive is the
finite difference derivative to the step size used. This article describes a formulation of wing equivalent plate
modeling in which it is simple to obtain analytic, explicit expressions for stiffness and mass matrix elements
without the need to perform numerical integration. This formulation leads naturally to analytic expressions for
the derivatives of displacements, stresses, and natural frequencies with respect to shape design variables. This
article examines the accuracy of finite difference derivatives compared with the analytic derivatives, and shows
that in some cases it is impossible to obtain any information of value by finite differences. Analytic sensitivities,
in this case, are still sufficiently accurate for design optimization.
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x-y plane
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= wing depth distribution
= line integrals along the aft and

front lines of a wing trapezoid,
Eqs. (28) and (29)

= line integral of a polynomial term
over a rib

= line integral of a polynomial term
over a spar

= area integral of a polynomial term
over a trapezoid

= stiffness matrix and its i, yth term
= x and y powers in the polynomial
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= ihth powers of x and y in the

polynomial series for wing depth
= itth powers of x and y in the
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Indices
ih

polynomial series for the thickness
of the i/th skin layer
x and y powers in the polynomial
Ritz series for the vertical
displacement w(x, y)
number of skin layers
number of terms in the Ritz series
for w(x, y)
strain energy
constitutive material matrix
(3 x 3) for the i/th skin layer
vector of generalized
displacements
coefficients of a spar line in the
x, y plane
the itth coefficient in the
polynomial series for the thickness
of the i/th layer
thickness of the i/th skin layer
displacement vector, {n, v, w}
3 x nq, a matrix of polynomial
terms relating the curvatures to
generalized displacements
coefficient of the k, I term of
matrix [W]
aft and forward x coordinates of
rib edges
x coordinates of the vertices of a
wing trapezoid (from front-left to
aft-right)
vector of shape design variables
defining a wing trapezoid
equations for the front and aft
lines defining a trapezoid in the
x~y plane
left and right spanwise coordinates
of a trapezoid
spanwise location of a rib
skin strain vector
stress vector for skin layer il

index of a term in the polynomial
depth series
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il = skin layer number
it — index of a term in the polynomial

series for a layer thickness
jh = index of a term in the polynomial

depth series

Introduction

C OMPARED to sizing structural optimization problems,
shape optimization is more complex and more difficult

to tackle.1 Major difficulties are associated with accuracy
problems in the finite difference calculation of sensitivity de-
rivatives, the need to control mesh deformation, proper pa-
rameterization of structural shape, and a more time-consum-
ing repeated generation of stiffness and mass matrices.

In the context of airplane preliminary design, as aerody-
namic and structural characteristics of an evolving configu-
ration change, optimization with respect to shape is essential.
Yet, the automated preliminary design synthesis of wing struc-
tures, in which the wing planform shape is varied and control
surfaces are sized and moved to their optimal locations, is
still a challenge.

The equivalent plate approach for structural modeling of
low aspect ratio thin wings was used in the TSO aeroelastic
tailoring code.2 Further improvements and generalizations in
the equivalent laminated plate solution (ELAPS computer
code, Refs. 3 and 4) made it into a powerful, efficient tool
for wing structural analysis. Equivalent plate models were
used for wing aeroelastic tailoring, optimization, parametric
studies, and multidisciplinary synthesis.5"12 What makes the
equivalent plate approach desirable in the context of wing
preliminary design and optimization are the ease and speed
of data preparation for new configurations, the high com-
putational efficiency, and the ease of manipulation of the Ritz
displacement functions used. This last property makes it pos-
sible to avoid one of the classical problems of aeroelasticity—
the transformation of data between the structural and aero-
dynamics grids. With equivalent plates, structural deforma-
tion is readily available for any set of aerodynamic grid points
on the wing.

Equivalent plate models, however, as they stand today,
need modification before their true potential can be realized
for wing shape optimization. For effective, reliable behavior
sensitivity analysis, the ability to calculate analytical deriv-
atives with respect to shape as well as sizing-type design
variables is important. This is even more important when
the Ritz functions used are simple polynomials.3'4'8'9 Simple
polynomial Ritz functions lead to substantial saving in com-
puting time. They also lead to numerical ill conditioning of
the resulting equations when the order of polynomials is in-
creased. Experience reported in Refs. 3 and 4 and confirmed
later by other studies (Refs. 8 and 9), shows that useful anal-
ysis results can be obtained with an equivalent plate model
based on simple polynomials before the static and dynamic
solutions become ill conditioned.

ELAPS, however, was originally developed as an analysis
tool only. Through the application of automatic differentation11

(which can lead to codes for calculating analytical sensitivi-
ties), an analytic derivative capability was added recently to
ELAPS. However, using finite differences for sensitivity cal-
culation in the context of multidisciplinary optimization is still
a widely used practice because of its ease of implementation.
When analysis capabilities such as ELAPS are used to obtain
behavior sensitivities by finite differences or by the semian-
alytic method,13"16 the poor numerical conditioning can lead
to large errors in the derivatives obtained—a problem that
has not been discussed in any of the publications on equivalent
plate wing modeling.

The lifting surface control augmented structural synthesis
code (LS-CLASS8-9) was developed with the capability to ob-
tain analytic behavior sensitivities with respect to sizing type
design variables, but not with respect to shape variables. One

recent development of analytical shape sensitivities for plates
is described in Ref. 17. In that particular formulation or-
thogonal polynomials are used instead of simple polynomials
as Ritz functions. This prevents ill conditioning, but also leads
to an increase in computation time. Developments reported
in Ref. 17 are still limited at this stage to panels. A method
for obtaining analytical sensitivities with respect to shape is,
then, needed for equivalent plate structural analysis of real-
istic wing structures. In addition, a careful examination of
finite difference shape sensitivities is important and guidelines
are needed for cases in which equivalent plate analysis tools
are used to obtain behavior derivatives by finite differences.

This article describes a formulation of the equivalent plate
approach that makes it possible to obtain analytic shape sen-
sitivities of wing box structures (including their internal struc-
tures in the form of ribs and spars) in a simple manner. De-
tailed derivations of contributions from selected structural
elements are used to illustrate important features of the nu-
merical techniques used. It is shown how using simple poly-
nomials as a basis for analysis leads to savings in terms of
computing time and memory requirements not only for the
analysis phase (as reported in Refs. 3 and 8), but also for
shape sensitivity calculations. The resulting analytical shape
sensitivities are used to evaluate accuracy of finite difference
derivatives. It is shown that because of poor conditioning it
is sometimes impossible to obtain accurate shape sensitivities
based on finite differences, even when the analysis itself is
still valid. Analytical sensitivities are the only reliable source
of sensitivity information in those cases. If, nevertheless, only
finite difference derivatives are available with certain appli-
cations, this article goes on to suggest a technique to alleviate
the accuracy problems expected. In this context the conver-
gence of behavior functions and their sensitivities are exam-
ined and provide guidance to potential users of the equivalent
plate approach.

Wing Box Geometry
A wing-tail configuration subject to planform shape changes

is shown in Fig. 1. Lifting surfaces can move along the fu-
selage, change sweep, chord, and span. Spars and ribs can
also move as the internal structural layout is changed. Lifting
surfaces are made of collections of trapezoidal areas. A typical
wing box trapezoid is shown in Fig. 2. Its planform shape is
defined by its left and right span wise coordinates yL, yR and
the x coordinates of its four edges JCFL, JCFR, JCAL, JCAR. Its depth
is defined by a simple polynomial in x and y of the form

(1)

where H(ih) are coefficients and mh(ih), nh(ih) are exponents
of x and y terms in the polynomial series.

Figure 2 also shows spars and ribs in the trapezoid. Spar
geometry is defined (in addition to the depth distribution h(x,
y) that determines cap vertical distance from the midplane)
by four shape variables, namely the (jc, y) coordinates of the
left and right edges (syL, SXL, syR, SXR). Ribs (running parallel
to the x axis) are defined geometrically by three design var-
iables each (JCF, XA and yRIB), as shown.

The skins are made of Ne unidirectional composite layers,
and the thickness of each layer is described by a polynomial
in x and y of the form

mt(il,lt).vnt(il,it) (2)

where il is the index for the /7th layer, and it is the index for
the /fth term in the thickness polynomial of the /7th layer.
The coefficients T(il, it) define the thickness of the /7th layer.
They serve as sizing design variables for that layer. The ex-
ponents mt(il, if), nt(il, it) are preassigned and can be selected



Fig. 2 Shape design variables for wing trapezoids, spars, and ribs.

to generate a complete polynomial or to represent a product
of a polynomial in x by a polynomial in y*$

Cap area for spars and ribs are allowed to vary linearly. In
the case of a spar, the cap area As is defined in term of the
span wise coordinate y, and in the case of a rib, the cap area
AR is a function of x:

As(y) = Al + As
2y (3)

A*(x) = A? + A*x (4)

The coefficients A1? and As
t serve as sizing type design var-

iables for the cap areas.
Other elements include translational and rotational springs

and concentrated masses. Springs connect points on the plan-
form to each other or to the ground. They can be used to
enforce boundary conditions such as zero transverse displace-
ment or zero slope in a given direction if their stiffness is high
enough. They can also serve to connect major wing segments,
such as control surfaces and a wing box, to each other.4-9

Concentrated masses placed in an array of points over the
wing are used to represent nonstructural items.
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Stiffness and Mass Matrix Terms
Elements of the stiffness and mass matrices are linear in

the sizing design variables T(il9 it), As
t and Af. They are also

linear combinations of members of certain families of area
and line integrals, as shown in the following. It is beyond the
scope of this article to describe in detail the derivation of mass
and stiffness contributions from all structural elements in the
model. Key steps in these derivations and important features
of the formulation are discussed, however, by focusing on the
contribution of skin layers.

Let wing displacements in the x, y, and z directions be

[U(x, y, z, t)Y = {«, v, w} (5)

The plane of symmetry for a symmetric depth distribution is
taken to be z = 0. Classical plate theory (CPT) simplifies the
kinematics by expressing the in-plane displacements in terms
of the vertical displacement w(jc, y, /) as follows:

dW
u=-ZWx=-z-

v = - Z M ^ = - z g (6)

Cover skins are assumed thin with respect to the depth of
the wing, and their initial curvature negligible. Plies with iden-
tical fiber direction are lumped into layers, and the thickness
distribution of the ilth layer corresponds to the ilth fiber di-
rection [Eq. (2)]. For skin layers in a state of plane stress,
the stress-strain relations for the ilth layer in global (off-axis)
coordinates x9 y are

V"} = [Q"M (7)
where the engineering strains are

{e}* = {exx9 eyy, yxy} (8)

and the stresses in the ilth layer are

{cr'r = {cr«, *„, <rxy} (9)

Substituting Eqs. (6) into Eq. (8) to express the strains in
terms of displacements, and replacing z by h/2 (the location
of an infinitesimal skin element above the wing reference
plane), make it possible to express the skin contribution to
the strain energy of the wing (including lower and upper skins)
in the form

PE = 2 f f te(x, y) %%£ [wm W,yy, 2w,xy](Q"]
,7=1 Jx Jy 4

f ",,, -\
x w,yy dx dy (10)

L2H>,J

To complete the formulation in terms of simple polynomial
series, the Ritz functions for the out-of-plane displacement
w(x, y, t) are selected as

M*, y, f) = § jt-'V^/W (11)
/=!

where the exponents mw(i) and nw(i) associated with the ith
Ritz function are preassigned. Again, complete polynomials
can be used and boundary conditions imposed by using stiff
springs. Alternatively, polynomial terms can be selected in a
way that automatically satisfies boundary conditions.4-9
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The skin in-plane engineering strains are obtained from the
vector of curvatures

r ™,~ ]™,yy =
L2H- J

[W(x, (12)

where [W(x, y)] is a 3 x nq matrix whose elements are po-
lynomial terms [Eqs. (11) and (12)] shown in Eq. (13) (ele-
ments of the yth column are shown):

continuous and is described by a polynomial pressure over
the wing, then the generalized loads are also linear functions
of area integrals from the family in Eq. (18). In a similar
manner all contributions to the mass matrix from skin layers
are linear combinations of the same area integrals.

When depth, thickness, cap area, and Ritz polynomials are
all given in global coordinates (x, y), it is possible to obtain
analytic expressions for the contributions of spar and rib caps
to the stiffness and mass matrices. In the case of the spar, the

[W(x, y)} == [ : : : : : : mw(j)(mw(j) — l)xn

nw(j)(nw(j) — l)xm

2mw(j)nw(j)xmw(i)
(13)

Note that if any of the exponents mw(j) — 1, mw(j) - 2,
nw(j) - 1, or nw(j) — 2 is less than 0 (as a result of differ-
entiating constant or first-order terms), then the correspond-
ing term in the W(x, y) matrix is 0.

Realizing that W(x, y) is a matrix of polynomial terms, let
the k, I element of the matrix W(x, y) be written as

WkJ(x,y) = W(k, (14)

Each WkJ is stored (for computational purposes) as a coef-
ficient and two exponents. W(k, /) is the coefficient corre-
sponding to element &, /. MW(k, /) is the power of x in the
/c, / term, and NW(k, /) is the power of y in the k, I term.

We substitute Eq. (12) into Eq. (10) to get an expression
of the potential energy in terms of the generalized displace-
ments {q}

x [W(x, y)T][Q"][W(x, y)] dx dy {q} (15)

We now substitute the polynomial series for h(x, y), tn(x,
y) and W(x, y) [Eqs. (1), (2), and (14)], and carry out the
matrix multiplications and area integration. The /, j term of
the skin contribution to the stiffness matrix (assuming sym-
metry of upper and lower skins with respect to z = 0) is

Nl Itl NH NH 3 3

/ /=! it=l ih = l 7/7 = 1 k=\ /=!

x W(k, i)W(l, j}Qn(k, /)4 I I *rys djc dy
4 Jx Jy

i = 1, nq, j = 1, nq (16)

where the exponents of x and y in the integrand are obtained
as sums of exponents from the polynomial series for thickness,
depth, and from Ritz functions in the matrix [W(x, y)]:

r = mt(il, it) + mh(ih) + mh(jh) + MW(k, i) + MW(l, j)
s = nt(il, it) + nh(ih) + nh(jh) + NW(k, i) + NW(l, j)

(17)

The contribution of skin layers to the stiffness of the wing
is then a linear combination of elements of a family of area
integrals of the form

/TR(>% s) = I I xys dx dy
Jx Jy

(18)

The area integration is carried out over the different tra-
pezoids defining the planform. When loading of the wing is

derivation is similar to that for the skin, except that integration
is done along the spar line, and finally x in all polynomial
terms is replaced by the spar line equation (defining the lo-
cation of points along the spar line in the x-y reference plane)

x(y) = (19)

All stiffness and mass terms due to spar cap contribution
are linear combinations of line integrals of the form

7SP(m, n) = drj (20)

evaluated along the length of the spar from 0 to L. When
transformed into integration with respect to y, these integrals
become

7SP(m, n) =

where A is the spar's sweep angle (Fig. 2). Similarly, each rib
contribution is linearly dependent on a family of line integrals
along the rib axis from the rib's front edge at xF to its rear
edge at xA

(22)

where yRlB defines the spanwise location of the rib.
Each of these families of integrals depends on planform

geometry. In the following section the area integrals are ad-
dressed and expressions for their shape sensitivities are de-
rived. Spar and rib integrals and their shape sensitivities are
obtained in a similar manner.

Evaluation of the Area Integrals
Equations for the front line and aft line of a trapezoid can

be written as

*f(y) =fi-
xa(y) = a,-

(23)

(24)

where a^ 02>/i? and/2 are explicit functions of the trapezoid's
planform shape design variables yL, yR, JCFL, JCFR, JCAL, JCAR.
The integral 7TR can now be written as

fyR rxa(y)

7TR(m, n) = r x™ dx
JyL Jxf(y)

dy (25)

Using Equations (23) and (24) we get

fxa(y) |

xm dx = -———— \(al-y + a2)m + l
Jxf(y) (m + 1)

(26)
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and then Eqs. (25) and (26) yield

1, n) = (m + 1) [IA(n, m + 1) - IF(n, m + 1)]

(27)

where two new families of line integrals in y are defined as

/>,*) = fV(«r.y + «*)• 4y (28)Jyi

IP(r
fyR

,s) =
JyL

(29)

Recall [Eq. (21)] that spar line integrals are also of the
same form, with the line coefficients /x and /2 replaced by S1
and S2 for the spar. Several recursion formulas are available
for evaluating these integrals (see Ref. 18, p. 61), and tables
of integrals for each trapezoid, spar and rib are generated
and stored before assembly of stiffness and mass matrices
starts. The family of area integrals ITR(my n) is generated for
each trapezoid, with m and n varying from 1 to m(max) and
w(max) as dictated by the order of polynomials used for thick-
ness, depth, and Ritz functions. Thus, stiffness and mass ma-
trix terms due to skins, spars, and ribs are obtained based on
analytic integrations over the trapezoids, and no numerical
integration is needed.

Shape Sensitivities of the Area Integrals
Since the area integrals are linear in terms of members of

the families of line integrals IA and IF [Eq. (27)], shape sen-
sitivities of these line integrals are needed for calculating sen-
sitivities of stiffness and mass terms. Using Leibnitz's rule for
the derivatives of definite integrals along with chain rule dif-
ferentiation, we obtain

+ s — TV+1(/i-dyR JyL?-r«f'-'oyR JyL
(30)

Note that/! and/2 are explicitly dependent on yR, and that
the integrals in Eq. (30) are already available from the family
of integrals 7F(r, s) [Eq. (29)] generated for the analysis of
the wing structure. The derivative of IF with respect to yL is
obtained in a similar manner. Derivatives of the 7F and IA
integrals with respect to any x coordinate of an edge (JCFL,
*FR> *AL> *AR) are also obtained by analytic differentiation of
the line integrals. This time, however, the integration limits
( V L> y/?) do not depend on the design variables and the de-
rivatives are simpler. If xtj is any of the four x coordinates of
an edge point, then

dXjj

+ s - +/2)"1dy (31)

Of course, since IF does not depend on the geometry of the
aft line

= 0

^ = 0

(32)

(33)

Analytic shape sensitivities of the IA integrals are obtained in
a similar manner. Again, it is found out that they are linear
combinations of members of the family IA(r, s) that are al-
ready available from the analysis phase. No new integrations
are then needed for the sensitivity derivatives of stiffness and
mass terms.

Geometry of Output Points (Output Grid)
While the analytic derivatives of area and line integrals

described in the previous section make it possible to obtain
analytical derivatives of stiffness and mass terms, it should be
remembered that when a planform shape is varied, the grid
points used for evaluation of stresses and displacements also
move. This motion of an output point contributes to the shape
sensitivity of displacement and stresses at that point.19

A Ritz polynomial series is used for the displacements in
the equivalent plate approach used here.2-3-8-9 Thus, at an
output point on the planform (JCQ, y0) the displacement is given
by [Eq. (11)]

(34)

In the case of a static solution, the vector of generalized
displacements {q} is obtained from the solution of the matrix
equation

(35)

where [K] is the generalized stiffness matrix, and {Q} is the
generalized load vector. If p is a shape design variable, then
the vector of derivatives (d{q})/(dp) depends only on the shape
derivatives of [K] and {Q}. However, the displacement at (JCQ,
yQ) depends also on the derivatives (dx0)/(dp) and (dy0)/(d/?).

Figure 3 shows a transformation between a reference grid,
defined on a unit square, and the physical grid on a trapezoid.
The grid determines an array of points where stresses and
displacements are evaluated. The wing trapezoid for output
purposes (to be named "output panel") does not have to
coincide with a structural trapezoid.

The transformation of a point from the reference grid (£,
17) to its physical location (x, y) depends on the planform
geometry of the output panel, which is defined, similar to the
structural panel, by a design variable vector of six shape design
variables

We now define the following matrices

_ l ( rj (r, 0 0
" o o o i i (Z x

where

rO On
o o
o o
o o

l i i r
- 1 - 1 1 1
- 1 1 - 1 1
i - 1 - 1 1

(36)

(37)

(38)

(39)

(40)

(41)
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250

200

Fig. 3 Geometry of output panels and output lines.

The (jt, y) coordinates of a point (£, 17) are obtained as
follows:

(42)

It is clear, then, that (jc0, y0) of a given grid point (£, rj) is
linearly dependent on the trapezoidal shape design variables
defining the output panel. As this output panel changes shape
and moves, the point (jc0, y0) moves. The derivatives (dx0)/
(dp) and (dyQ)/(dp), (p E {xop}) are now easy to obtain from
Eq. (42). The sensitivity of the displacement with respect to
a shape design variable p at a point, in the case where the
output panel and structural panel coincide (same six shape
design variables for both), is [see Eq. (34)]

dp dp

dp

where (d{q})/(dp) is obtained from1

-:rdp

[K]-^= W -

TT (43)

(44)

Stress shape sensitivities are obtained in a similar manner.

Test Case
The fighter wing model presented in Ref. 3 is used here

for all numerical studies. It is cantilevered along the root
chord and subject to a uniform 1 psi pressure load over its
planform surface. Two types of planform shape variation are
studied. In the first case, the root and tip chords are fixed in
global coordinates, and the chord connecting inner and outer
wing trapezoids is moved in the x direction (Fig. 4). In the
second case, the wingtip is moved in the x direction (no span
change), changing the sweep of the outer wing section. Dis-
placements and stresses are evaluated at the center point of
the outer wing. This point moves as the planform changes,
and thus structural behavior at this point varies due to stiffness
and load changes as well as due to the movement of the point
itself. Natural frequencies and mode shapes are also calcu-
lated. Behavior sensitivities with respect to the change in
shape are obtained both analytically (using the technique de-
scribed in previous sections), by first-order forward finite dif-
ferences and by central differences. For most of the calcu-

^ 1 5 0
uc

100 -

•50 200

Fig. 4 Planform of the fighter wing3 and its shape variation.

lations, a single Ritz polynomial is used for the displacements
over the whole wing. It is a complete polynomial without the
terms of the form x1 or x'y, to impose the cantilever boundary
condition along the root chord at y = 0. All computations
were carried out on a HP Apollo 800 workstation in extended
precision.

Results
Analysis Convergence

Poor conditioning with simple polynomials and the break-
down of the analysis when polynomial order is too high3'9 are
major problems in the equivalent plate modeling using EL APS
and LS-CLASS. Since the number of Ritz functions used
cannot be increased beyond a certain limit, there is a difficulty
in obtaining converged analysis results. It is then difficult to
know what order of a Ritz function series should be used to
obtain results that will be accurate enough for the purpose of
preliminary design. Of course, it is always advisable to use a
baseline test case to compare equivalent plate and finite ele-
ment results.3-4-20 The Ritz polynomials found suitable for
good correlation can then be used for shape variations of the
baseline wing without the need for finite element analysis of
each new shape.

In Figures 5 and 6 we examine the convergence of typical
normalized displacement, stress and natural frequency and
their derivatives with respect to shape. The wingtip moves in
the x direction without change in span or tip chord. A "zon-
ing" technique is used in the cases leading to Figs. 5 and 6.9-20

As we have already seen, the wing planform is made of trap-
ezoidal areas for the purpose of obtaining analytical expres-
sion for stiffness and mass integrals. The planform can also
be broken into "zones." Each zone can contain several area
trapezoids.

Separate Ritz function series are used for the different
zones. Therefore, compatibility of displacement and slope is
guaranteed inside a zone, but not between zones. Separate
zones are connected to each other via linear and rotational
springs to impose deformation compatibility or to represent
known local discontinuities such as the attach line between a
control surface and a wing box.9-20 Zoning enables us not only
to deal with geometric discontinuities in the wing. In addition,
zones can also make it possible to reduce the order of Ritz
polynomials needed, if enough of them are used. With zones,
the Ritz analysis in the equivalent plate technique resembles
the p version of the finite element method.

In Fig. 5 we follow the behavior of typical normalized dis-
placement, stress, and natural frequency for a case of one
zone (one Ritz series for the whole wing) and a case of two
zones (separate Ritz series for the inner and outer wings).
Polynomial order was varied from 4 to 7. Although converged
results are not guaranteed, it is clear in the cases of displace-
ment and natural frequency that with 2 zones and polynomial
order of 5, results are within 3% of the 2 zone/order 7 results.
Similar predictions of displacement and natural frequency are
available with a 1 zone/order 7 polynomial, and 2 zone/order
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Fig. 5 Convergence of typical normalized displacement, stress, and
natural frequency.
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Fig. 6 Convergence of displacement, stress, and natural frequency
shape sensitivities.

5 polynomial Ritz series. The convergence of the analytic
shape derivatives is shown in Fig. 6. Again, with 2 zones and
order 5 polynomials, displacement and frequency derivatives
are practically converged. So are the results obtained with 1
zone/order 7, although there is a difference of about 10% in
the displacement derivative.

The stress is more problematic, as expected. Smaller var-
iation in stress value as the order of polynomials increases
can be observed in Fig. 5 for the 2 zone case compared with
the 1 zone case. The result obtained with a 1 zone/order 7
solution is within 6% of the result with 2 zones/order 5.

Sensitivity Derivatives
The effect of step size on the accuracy of first-order forward

finite difference derivatives of a typical displacement is shown
in Fig. 7. In the following cases the planform shape variation
is shown in Fig. 4. Results are obtained for a single zone and
Ritz polynomial series of order 5 (10 terms) to order 7 (21
terms). As expected, accuracy of the finite difference deriv-
ative suffers when the step size is too small (roundoff error)
and when it is too large (truncation error, Ref. 1, pp. 256-
259). When the order of the Ritz series is increased and the
system becomes more poorly conditioned, there is a wider
range of step sizes leading to large errors in the finite differ-
ence derivative. The range of acceptable step sizes, then,
narrows considerably. Figure 8 shows errors in finite differ-
ence derivatives with respect to the planform shape of a typical
Tsai-Wu equivalent stress (normalized). With 21 terms in the

0.0001 0.001 0.01 0.1
step size (dx / semi-span)

Fig. 7 Errors in first-order finite difference displacement sensitivities
with respect to shape (single zone).

-2
0.0001 0.001 0.01

step size (dx / semi-span)

Fig. 8 Errors in first-order finite difference stress sensitivities with
respect to shape (single zone).

0.0001 0.001 0.01 0.1
step size (dx / semi-span)

Fig. 9 Errors in first-order finite difference displacement, stress, and
natural frequency sensitivities with respect to shape (single zone, sev-
enth-order Ritz polynomials used).

Ritz series (order 7) there is no step size that yields acceptable
finite difference results. Figure 9 shows errors in the finite
difference derivatives of typical normalized displacement, stress,
and natural frequency for the case with a single zone and a
seventh-order Ritz series. Again, it is clear that due to ill
conditioning and the resulting large roundoff errors, there is
no range of step sizes leading to acceptable results. It should
be emphasized that the analysis results themselves (the values
of displacement, stress, and natural frequency) are still good
in this case, despite the poor conditioning of the static and
eigenvalue problems.

Using central differences instead of first-order forward dif-
ferences does not solve the problem. While significant im-
provement is obtained in the cases of displacement and natural
frequency responses, the central difference stress derivative
(in the case of single zone, seventh-order Ritz polynomial) is
still subject to considerable errors (Fig. 10). It is also inter-
esting to note that when first-order finite difference differ-
entiation is carried out with respect to a sizing type design
variable (in this case, the thickness of the skin) the accuracy



968 LIVNE: STRUCTURAL WING MODELS

.E 0.0001 0.001 0.01 0.1
fc, step size (dx / semi-span)

Fig. 10 Errors in central difference stress sensitivities with respect
to shape (single zone).

1.1

•31.06 +
----- displacement
——— stress
.......... frequency

0.00001 0.001 0.1
normalized step size (dt / nominal t)

Fig. 11 Errors in first-order finite difference displacement, stress,
and natural frequency sensitivities with respect to sizing (single zone,
seventh-order Ritz polynomials used).

derivatives are available for a wide range of step sizes for the
better conditioned 2 zone/order 5 case.

Zoning, then, can help reduce the order of Ritz polynomials
used for the analysis to produce equations that are less ill
conditioned, and lead to reliable finite difference shape de-
rivatives.

Conclusions
Equations for calculating analytical derivatives of structural

wing response with respect to wing planform shape design
variables were derived. These analytical sensitivities are gen-
eral and can be used with planform shape as well as rib and
spar shape design variables. By proper organization of the
analysis and sensitivity calculation processes, a computation-
ally efficient equivalent plate wing modeling capability was
developed. The analytical shape sensitivities were then used
to check accuracy of finite difference sensitivities that are still
needed with current wing plate models. In some cases, be-
cause of the poor conditioning of the governing equations, it
is impossible to obtain accurate shape sensitivities based on
first-order finite differences. Zoning (together with lower or-
der Ritz polynomials in each zone) can improve the situation.
However, accuracy problems are eliminated by the method
presented herein for the efficient calculation of sensitivity
derivatives. This new capability is a valuable extension to
equivalent plate analysis procedures that are based on a simple
polynomial Ritz formulation, especially when planform changes
are being considered.
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problems just described are much less severe (Fig. 11). As a
matter of fact, in the sizing case with a seventh-order Ritz
series, it is possible to obtain first-order finite difference de-
rivatives with an error of less than 3%, compared with the
analytic derivatives for quite a wide range of step sizes.

Analytic shape sensitivities are thus extremely important
with equivalent plate wing models based on simple polynomial
Ritz series because of the poor numerical conditioning of the
resulting equations, and the nonlinear dependence of stiffness
and mass terms on the shape design variables (as compared
to the linear dependence on sizing type design variables).

Since equivalent analysis results can be obtained in the
present case with a 1 zone/order 7 and a 2 zone/order 5 so-
lutions, it is tempting, when finite difference derivatives are
needed, to turn to the solution that is less ill conditioned.
Figure 12 shows the effect of step size on the first-order finite
difference shape derivative for the moving tip case. While, as
in Fig. 8, there is only a very narrow range of step sizes that
leads to acceptable accuracy in the more ill conditioned case
of 1 zone/order 7, it is clear that quite good finite difference
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